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HILBERT'S TENTH PROBLEM FOR RINGS OF
ALGEBRAIC FUNCTIONS IN ONE VARIABLE OVER

FIELDS OF CONSTANTS OF POSITIVE CHARACTERISTIC

ALEXANDRA SHLAPENTOKH

Abstract. The author builds an undecidable model of integers with certain

relations and operations in the rings of ^-integers of algebraic function fields

in one variable over fields of constants of positive characteristic, in order to

show that Hubert's Tenth Problem has no solution there.

1. Introduction

Hubert's Tenth Problem can be phrased as the following question: Is there an

algorithm to determine, given an integer polynomial equation f(xx, ... , x„) =
0, whether this equation has integer solutions? This question was answered

negatively by M. Davis, J. Robinson, H. Putnam, and Y. Matijasevich. (See

[1].) An analogous question can be asked of algebraic number fields, various

polynomial rings and rings of algebraic functions. One way to resolve the prob-

lem negatively would be to construct a model of integers with certain operations

and relations which would make the positive existential theory of that model

undecidable, and to show that if Hubert's Tenth Problem had solution in the
ring under consideration, the constructed model would also become decidable.

J. Denef carried through such a construction in the polynomial rings of pos-

itive characteristic. (See [2].) The present paper extends this construction to

the rings of 5-integers of algebraic function fields in one variable over fields of
constants of positive characteristic.

First we need to define a certain relation on rational integers which will be

used in the construction of the above-mentioned undecidable model.

Definition 1.1. Let x, y £Z, p a rational prime. Then we will write "x\py"

if 3/c G N such that y = ±xpk .

The undecidability result which we are going to use in this paper is due to

Denef (see [2]).

Theorem 1.1. The positive existential theory of (Z, +, \, \p) is undecidable.
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In other words there is no uniform algorithm to tell whether there are solu-

tions in rational integers to the following:

n

f\F¡(ax, ... ,ak) \p Gi(ax, ... , ak)
.1=1

and
' m

l\Hi(bx,...,bj)\Kl(bx, ,...,bj)   ,
.¡=i

where F¡, G¡, H¿, K¡ are polynomials of degree 1 or less and /\"=1 is a finite

conjunction.
It is not hard to show that if the quotient field of the ring under consid-

eration is not algebraically closed, expressions like " h(xx, ... , xn) = 0 AND

g(y\.ym) = 0* and "h(xx,..., x„) = 0 OR g(yx,..., ym) = 0" can be
substituted by a single polynomial equation. (See [1].) Therefore, to resolve

Hubert's Tenth Problem it is enough to show that there is no algorithm to de-

termine whether a finite system of polynomial equations with coefficients in the

ring has solutions in the ring.
We will use the following terminology. Given an algebraic function field K

of finite degree, an element f of K and a valuation p of K we will say that

"/ has a zero at p " if ordp/ > 0, "/ has a pole at p " if ordp f < 0, and

" / is a unit of p " if ordp / = 0.

2. Pell equations in the rings of characteristic p > 2

The Pell equation v2 - dt2 — 1 plays a very important role in the proofs

presented in this paper. In this section we will investigate the properties of the

Pell equation in the rings of characteristic p > 2.

Definition 2.1. Let K be an algebraic function field, S a finite set of its valu-

ations of size n . Then define a ring of S-integers Ok,s C K to be the ring

0KyS = {x£K, V/z £ Sordpx>0}.

In other words, Ok s is the ring of all the elements of K which have no poles

outside 5.

Definition 2.2. Let K be an algebraic function field, let d £ 0K s and assume

d is not a square of K.  Then define HK ¿ $ to be the following subset of

K(dx'2):

HK,d,s = {x- dx'2y \x,y£0K,s, x2 - dy2 = 1} .

Lemma 2.1. Let K, d be as in the Definitions 2.1 and 2.2. Then HK d s isa
group under multiplication.

Proof. Denote K(dx'2) by M, let e = x - dx<2y , Ô = u - dx'2w £ HKid<s ,

and let eô = t - dx/2v , x, y, zz, w £ Ok,s , t ,v £ K . In fact, since t =

xu + dyw , v = xw + yu, we see that t, v are also in Ok,s ■ Next we have

the following implication chain, e, ô £ HK,d,s =*• NMiK(e) = 1, NM¡K(0) =

1 => NM/K(eô) = 1 => t2 - dv2 = 1. This demonstrates that the set is closed
under multiplication. Next we show that all the elements of the set have their

inverses in the set. If v - dx/2t £ HK,d,s then (v - dx/2t)~x = v + dx/2t =

v - dxl2(-t) £ HK j,s ar*d, therefore, the lemma holds.
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Lemma 2.2. Let K, d be as above with the additional requirement that d is

not a unit of 0K,s ■ Then the only constants in HK,d,s are ±1.

Proof. Suppose x-dx/2y £ HK,d,s and x-dxl2y is a constant. x2-dy2= 1

implies that x + dx/2y = (x-dxl2y)~x is also a constant and, therefore, 2dxl2y

is a constant too. If v is not 0, this signifies that d is a unit and we get a

contradiction with out assumption on d . Therefore y — 0 and x = ± 1.

Lemma 2.3. Assume d £ Ok,s and is not a square of K. Let xx - dxl2yx £

Hx,d,s and let xm,ym £ Ok,s be defined as

(2.1) xm - Vdym = (xx - Vdyx)m,

where m £ Z. Then xm - \Tdym £ HK,d,s and the following statements are

true:

\¿-¿) X—m = Xm , y-m = ~ym>

(2.3) xm±k = xmxk ± dymyk,       ym±k = xkym ± xmyk ,

(2.4) k | m =► yk | ym,

(2.5) 2/c | m =» xk | ym,        m = (21 + \)k =>• xk \ xm ,

(2.6) xm{±pk) = (xm)pk.

Additionally, if d = a2 - 1 and xx — a and yx = 1, then

(2.7) a- \\xm- \.

Proof. The proof easily follows from the fact that HK,d,s is a group (by

Lemma 2.1), and from the binomial theorem.

Lemma 2.4. Let w be an element of 0K,s such that ordPj w ^ 0 for all p¡ £ S.
Then if H(T) is a polynomial in T over the field of constants of K, such that

H(T) ^ cTk for any k £ N and any constant c, H(w) is not a unit of Ok,s ■

Proof. Let H(w) = Y!¡=oa>w' > an<^ let i, 0 < i < n, be the smallest index

such that a, ^ 0. Since it is enough to show that a factor of H(w) is not a unit,

we can divide by w' and consider the resulting polynomial of degree at least 1.

Therefore, without loss of generality, we can assume that ao is not 0. In this

case H(w) will share with w all of its poles and none of its zeros. Therefore,

none of the zeros of H(w) can come from the valuations of S. Since H(w)

is not constant, that fact implies that H(w) must have a zero outside S and,

therefore, cannot be a unit of Ok,s ■

Lemma 2.5. Suppose w is as described in Lemma 2.4 and let F(T), G(T) be

separable polynomials over the field of constants of K. Then F(w)\G(w) in

Ok,s implies F(T) \ G(T) as polynomials.

Note. If F(T), G(T) have their coefficients in some finite field, then the condi-

tions of the lemma are satisfied, since any extension of a finite field is separable.

Proof. Extend the field of constants by adding the roots of F(T) and G(T).

Over that extended field we will have

(2.8) F(w) = (w~ai)---(w-a„),

(2.9) G(w) = (w-bx)---(w-bk),
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where ax, ... , am, bx, ... , bk are algebraic over the field of constants of K.

Let E = K(ax, ... ,bk) and let W be the set of all valuations extending

valuations of S in E. Then E is separable over K and Oe , w is the integral

closure of Ok,s m E. By our assumptions, ordP/ w ^ 0, V//¡ 6 S and, hence,

ord9i w ^ 0, Ví7¡e W. Therefore, by Lemma 2.4 applied to E, w - a¡,
i = I, ... , m, is not a unit of Oe,v for a¡ a constant of Oe,v • The same,

of course, applies to w - b¡, i = I, ... , k . Moreover, if a , b are constants

of E, w - a and w - b cannot share any zeros unless a = b. Hence, if

F(w) = (w - ax)---(w - am) | G(w) = (w - bx) ■ ■ ■ (w - bk) for any factor

w - a, of F(w), we must have b¡ = a¡ for some j. It is also clear that the

multiplicity of terms on the right must be at least as big as multiplicity on the

left. Hence, F(T) \ G(T) as polynomials.   Q.E.D.

Lemma 2.6. Let w be as in the previous lemmas with the added condition that

ordPi w is odd positive for i = I, ... , n and negative for i = 1. Let d = s2 - 1,

where s = w + 1 and let xx = s, yx = 1. Then the following statements are

true.

1-  xm,ym are polynomials in s (and in w) over the field of constants with

deg(xw) = \m\ and deg(>>m) = \m\ - 1.

2. yk | y m =>■ k I m.

Proof. First of all, we have to show that d is not a square of K. Indeed,

d - s2-\ = w(w+2), ordp. d = ordp, tt>+ordA(ti/+2) = ordPi w = odd integer,
for i = 2, ... , n . So, assuming S contains more than one valuation, d is not

a square. If S has only one valuation then d is not a square for the following

reason. First of all, in this case the only invertible elements of Ok,s are the

constants. Secondly, if d is a square, then s2 - 1 = f2, (s - f)(s + f) = 1.
Hence, s±f must be a constant. Then 5 must be a constant. This is impossible,

however, because by our assumption 5 has a pole at px .
We now proceed with the proof of the first assertion. Noting that X-m — xm

and y-m = -ym , we can assume m > 0. Then by the binomial theorem

(2.10) Xm=   y,   (7Vv-i)(m-i)/2.
m-i^0 (mod 2) ^    '

The highest power of 5 in each term is m, the coefficient corresponding to

that term is 2m_1 (it is the sum of either odd- or even-numbered binomial

coefficients) which is not 0 since the characteristic is assumed to be different

from 2. On the other hand

(2.11) ym= Y,
m-/-l=-0 (mod 2)

Here the highest power of s in every term is m - 1 and the coefficient corre-

sponding to that power is also 2m~x (this is the other half of the sum of the

binomial coefficients). Hence, as before, it is not 0. Since xm(s) — xm(w + 1),

ym(s) = ym(w + 1), the degrees of xm and ym as polynomials in w are the

same as their degrees as polynomials in s .
To prove the second assertion, we will start with showing that if 0 < k < m ,

ym(s) = ym(w + 1) cannot divide yk(s) = yk(w + 1) in Ok,s unless k - 0.

Suppose k > 0, k < m , and ym\yk . ym(s) = ym(w+ 1) is a polynomial in w

m
:'(s2- n(«-'-»)/2#
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of degree m—\ overthe field constants and yk(s) = yk(w+1) is a polynomial of

degree k - 1 in «i over the same field. By Lemma 2.5, ym(w + 1) | yk(w + 1)

if and only if ym(T + I) \ yk(T + I) as polynomials in T over the field of
constants. But then deg(ym(T + 1)) < deg^r-l- 1)), unless yk(T + 1) = 0.

That is either m - I < k - I or yk(T + 1) = 0. The inequality contradicts

our assumption on k and m , and, therefore, yk(T+ 1) = 0. This can happen

only if k = 0.
Now suppose yk \ ym . m = kq + r, where 0 < r < k. By Lemma 2.3, we

then have ym - xkqyr+ykqxr and by Lemma 2.3, yk \ ykq . On the other hand,

by Lemma 2.4, yk(w + 1) is not a unit and, therefore, it must have zeros at

valuations not in S. For any such valuation p, ordp xkq = 0. Otherwise, as p

is not in S, ordp xkq > 0 and

ordp 1 = ordp(x2kq - dy\q) = ordp(x2kq - dg2y\) > 0,

where ykq - gyk , g £ 0K,s ■ Therefore, yk\yr, with r < k . By the argument

above, r = 0 and k \ m .

Lemma 2.7. Let w be as in the previous lemma, let s = w + 1, let d = s2 - 1,

and let D = (2s - l)2 - 1. Then the groups

HK,d,s = U-(s2 - l)1/2£, /, s £ Ok \ f2 - (s2 - \)g2 = 1},

Hk,d,s = {f~ ((2s - l)2 - \)x<2g, f,s£0K\f2- ((2s - l)2 - 1)#2 = 1}

are cyclic mod{±l}. The indices of the subgroups of HK,d,s and Hk,d,s

generated by ±(s - (s2 - l)1/2) and ±((2s - 1) - (2s - l)1/2) respectively, are

divisors of | ordPl w\.

Proof. Consider HK,d,s ■ First of all, we want to show that p2, ... , pn will

all ramify in M = K((s2 - 1)1/2). OrdPi(s2 - 1) = ordA w(w + 2) = ordp, w =

odd number for z = 2,...,«. Let /?, lie above //, in M. Then

2ord/,,(52 - I)1'2 = ordßi(s2 - 1) = kordp¡(s2 - 1)

where k is the exponent of the highest power of /?, dividing p¡. Since

ordA(s2 - 1 ) is odd for i = 2, ... , n we must conclude from the above equal-

ities that k = 2, that is, p¡'s are ramified for i = 2, ... , n .
Consider now an element e = x-dxl2y = (x + dx/2y)~x £HK,d,s- Let ß be

a valuation of M = K(dxl2) such that ord^ s > 0 (< 0). Then ord^ e~x < 0

(> 0). So ord^ie + e_1) < 0, i.e. ord^ x < 0. Therefore, all of the poles and

zeros of e must come from the valuations extending valuations from S. On

the other hand, e is of norm 1, and so its zeros and poles cannot correspond to

valuations which either do not split or are completely ramified in M. Indeed,

if ß, a valuation of M, is the only valuation lying above p, a valuation of

K, and e is not a unit at ß , then Nm/k(£) is not a unit at p. Hence, px, the

only valuation of S which is not necessarily totally ramified in M, must split

in M into ßxx and ßx2 which would generate zeros and poles for e. Since

the degree of zeros must be equal to the degree of poles we must also have

ord/?11e = -ord/,12e.

Consider now a homomorphism from HK,d,s into Z:

e-^ord^e.
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The image of this homomorphism is an additive subgroup of integers and, there-

fore, the image is cyclic. The kernel of the map contains elements of M without

zeros or poles, and consequently must be a set of constants of M. However, the

only constants of HK,d,s, by Lemma 2.2, are ±1. Hence the HK,d,s must

be cyclic  mod ± 1.
Now, assume that x - dxl2y is a generator of HK,d,s-   Without loss of

generality we can also assume that

oraßu(x - (s2 - l)x/2y) = -OTdßli(x + (s2 - \)x'2y) < 0.

Hence,

ord^.Cx - (s2 - l)x'2y) = ord^Kx - (52 - l)'/2y) + (x + (s2 - l)x'2y)]

= ord^n 2x = ord^,, x = ordp, x.

Hence, if (s - (s2 - l)1'2) = (x - (s2 - \)xl2y)k then | ordPl s\ = \kordP{ x\. On

the other hand, ordPl 5 = ordPl (w + 1 ) and hence, the statement of the lemma

holds for HK,d,s ■
(2s - l)2 - l'= (25 - 2)(2s) = 4(5 - 1)5 = 4w(w + 1). Therefore,

ordPl.((25 - l)2 - 1) = ordPj w + ordp,.(w + 1)

= odd positive number for z = 2, ... , «.

Hence, p2, ... , p„ will ramify in K((2s - l)2 - l)1/2 for the same reasons

they ramify in M. Moreover, ordPl 2s - 1 = ordPl s. Hence, the proof of the

assertion concerning Hk,d,s will proceed in the same way as the proof of the

assertion concerning HK,d,s ■

Lemma 2.8. Let s ,w, HK,d,s > Hk,d,s be as in the previous lemma and as-

sume additionally that ordPl 5 = -2Jpk , where j, k £ N, and p is the charac-

teristic of the field. Assume also that W is not a unit. Then s - (s2 - l)1/2 and

(2s - 1) - ((25 - l)2 - 1)1/2 generate HK d s and HK d s respectively modulo

{±1}.
Proof. Let (x - (s2 - l)'/2y)2 = 5 - (52 - l)x'2. Then x2 + (s2 - l)v2 = s,

2xy = 1, y — \/2x . Hence,

(2.12) x2 + (52-l)(l/4x2) = 5,

(2.13) 4jc4 - 45X2 + (52 - 1) = 0,

(ZM)                           x2 = î±v5ÇZ±I=(£|i)

Therefore, 5 ± 1 is a unit and this contradicts our assumptions on s .

Suppose now we have

(x - yj(2s-l)2-ly)2 = (25 - 1) - ^(25-1)2-1.

Carrying out the same argument as above we will arrive at x2 = ((25-l)±l)/2,

5 = x2 or (5 - 1 ) = x2. That is, 5 - 1 or 5 is a unit, which is again impossible

by our assumptions on w = s - I .
Now assume (x - (s2 - \)xl2y)p = s - (s2 - l)x'2. Then >>(52 - l)p~1/2 = 1 .

This is impossible, since s2 - 1 = w(w + 2) is not a unit. On the other hand,

(x - J(2s-l)2-ly)p = (25 - 1) - v/(25-l)2-l

is impossible for the same reason.
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By Lemma 2.6, if s - (s2 - l)x'2 and (25 - 1) - y/(2s- l)2 - 1 do not

generate HK,d,s and Hk,d,s, respectively, they must be either /zth or 2nd
powers of some other units of the respective quadratic extensions of K. Since

it is impossible, they must generate the groups.

Lemma 2.9. Let G(T) be a polynomial over the field of constants of K, and

assume G(s) = 0 for some nonconstant element s of K. Then G(T) = 0 as a
polynomial.

Proof. If G(T) is not identically zero as a polynomial then 5 is algebraic over

the field of constants and, therefore, is a constant itself. This would contradict
our assumption on s.

In case S contains only one valuation the situation is simpler than in the
case of bigger S.

Lemma 2.10. Assume S contains only one valuation q. Then for any integral

nonconstant s £ K, HK,d,s Is a cyclic group under multiplication modulo ±1,

generated by s - (s2 - \)xl2.

Proof. Let M — K(y/s2 - 1), and let V be the set of all the valuations of M
lying above the unique valuation of S. s2 - I is not a unit of 0K,s because,

under our assumptions, Ok,s has no nonconstant units. Consider now an

element of M, e = s - (s2 - 1)1/2. It is a nonconstant unit of Om,v with

Nm/k(s - (52 - l)1/2) = 1. By arguments similar to the ones from the preceding
lemmas, all the zeros and poles of e must come from valuations extending the

unique valuation in S. M can have at most two such valuations. Since at least

two valuations are needed for a zero and a pole of 5 - vV - 1, M must have

two such valuations. Call them qxx and qx2.

Let to = x - (s2 - l)x/2y be an element of H. Then ord9ll to = - ord9l2 to.

Consider now the following homomorphism from HK,d,s into the rational
integers:

to —► ord9ll to.

Any element of the kernel of that map is an element of HK,d,s with no zeros

or poles, that is a constant. The only constants in HK,d,s are ± 1 > by Lemma

2.2. Hence, HK,d,s is cyclic   mod{±l}.

Next we will show that e = s - (s2 - \)xl2 is the generator mod {±1}.

Suppose e = tom for some to £ HK,d,s » that is e = (x2 - (s - \)xl2y)m . From

Lemma 2.3, y | 1 and either x | 1 or x \ s, depending on whether m is odd

or even. As has been mentioned before, Ok s has no other units but constants.

Hence y is a constant. Since x2 - (s2 -1 )y2 = 1, x is not a constant, otherwise

52 - 1 is a constant, and therefore m is odd, whereas x \ s. Then, however,

we have

(2.15) (w5)2-(52-l)y2 = l,

(2.16) u2s2-s2y2 = \-y2.

Unless y2 = 1, (2.16) implies 5 is a constant. Consequently, y2 = zz2 = 1 and

m = ±l.

Lemma 2.11. Let d, D, s be defined as in Lemmas 2.7 and2.%, and let xm(s)-
dxl2ym(s) = (s-dxl2)m, xh(2s-\)-Dxl2yh(2s-\) = ((2s-\)-Dxl2)h where



282 ALEXANDRA SHLAPENTOKH

m, h £ Z, and assume

(2.17) ±xm(s) = ±^xh(2s-l) + ^,

with the signs not necessarily synchronized. Then m = ±h = ±pk and both

signs are actually "+" 's.

Proof. Since by Lemma 2.3, X-m(s) = xm(s), we can assume without loss of

generality that m, h > 0. Under this assumption, we will show that m = h .

By Lemma 2.7, xm(s) is a polynomial in s of degree m over the field of

constants, and Xf,(2s - 1) is also a polynomial in s over the field of constants

but of degree h. Hence, by Lemma 2.10, xm(s) and \xh(2s - 1) must be

identical polynomials, and, in particular, their degrees must be the same. Let

h = qpk , where (q, p) = 1. Then we have the following.

(2.18) ±xh(s) = ±xqpk(s) = ±(xq(s))pk = (±xq(s))pk.

±jx„(2s - 1) + 1 = ± ^xqpk(2s - 1) + 1

(2.19) = ±Uxq(2s-l)/ + l

(±^xq(2s-\) + lJ  ,

since 2P  = 2 (mod p). Therefore, we can rewrite (2.17) as

(2.20) ±xg(s) = ±jXq(2s-l) + ^.

Suppose now that

(2.21) xq(s) = Aqs9 + Aq_xs«-X +--- + Ao,

xq(2s - \) = Aq(2s - l)« + ^_,(25- l)q~x + --- + A0

(2.22) = Aq2"s" + (A^-'s«-1 + Aq-X2«-X sq-x)

4- terms of lower order in 5.

From (2.20)-(2.22) we then derive, if q > 1,

(2.23) ±2Aq-X = ±q2q~xAq ± 2q-xAq_x .

Next we show that Aq_x — 0. Returning to the definition of x^(5) we see that

Xq(S) = S" + (jV-2(52 - 1) + • • • + (2 V~2V - l)r

(2-24) =E(2')^E(-)s2,(-1)r"'

0<r<«7/2 v     /   \ /

0<i<r

The only powers of s which appear in xq(s) with possible nonzero coefficients

are of the form g-even number and q-\ is not among them. Hence, Aq_x = 0
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and, therefore, from the above, q2q~xAq — 0. Aq is not zero since q > 0, and

xq(s) is a polynomial of degree q in 5 by Lemma 2.7. Moreover, no power

of 2 is zero mod p . Hence, q must be zero mod p . This contradicts our
assumption, and so q = 1. Now,

(2.25) iV(25 - 1) = i(2'V* - 1) = xpk(s) - \ .

Hence, the only possible choice of signs on both sides is "+".

Lemma 2.12. Suppose w £ Ok,s is not a unit and, if S contains more than one

valuation, assume additionally that w has the following properties.

1. ordP/ w is positive odd for i -2, ... , m.
2. ordPl w is -2jpk where j, k > 0.

Let s = w + 1. (We will say that s satisfies lipth-power conditions.'") Then for

any f £ Ok,s the equations

(2.26) f2-(s2-\)h2 = 1,

(2.27) (2/-l)2-((25-l)2-l)s2=l,

have solutions in 0K,s in variables g and h if and only if 31 £ N such that

f = sp <£► / = x±pi(s). (In case \S\ - 1, no assumptions on w are necessary

beyond being nonconstant.)

For future reference denote (2.26) and (2.27) by PPE(/, s, g, h). Here

"PPE" stands for "/zth power equations." Then the statement of the lemma

can be rewritten as:

If s £ 0K,s satisfies "pth-power conditions" then V/ £ 0K,s,

3g,h£ 0K,sPPE(f,s, g, h)^3l£ N, f = sp'.

Proof. Let HK,d,s and Hk,d,s be defined as in previous lemmas. Then, by
Lemma 2.8, for the case of S containing more than one valuation, and by

Lemma 2.10 for the case of a unique valuation in S, s - (s2 - 1)1/2, (25 -

1) - y/(2s - l)2 - 1 generate HK d s and Hk,d,s respectively modulo ±1.
So suppose (2.26) and (2.27) are satisfied in Ok,s ■ By the above considerations

we can conclude that

(2.28) 2/-l=±xm(25-l),        f=±xh(s),

where x^(s) and xm(2s-\) are defined in the previous lemma. Therefore, from

(2.26) and (2.27) we derive (2.17) and conclude that both signs in (2.28) are "+",
/ k

m - h — ±pk , by Lemma 2.11, and / = x±pk (s) = sp for some integer k > 0,

by Lemma 2.3. Conversely, suppose f = sp . Then set h = (s2 - l)(p ~x^2

and (2.26) is satisfied. Since 2f-l = (2s- l/ , if g = ((2s - l)2 - l)C*-'>/2
(2.27) is satisfied.

3. Construction of a model of (Z, | , +, |p) in the rings of

ALGEBRAIC FUNCTION OF CHARACTERISTIC // > 2

Definition 3.1. Let f, g £ Ok,s ■ Then define (/, g) - 1 to mean

V/z i S (ordp / > 0 or ordp g > 0) => ordp(/ + g) = 0.
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(In other words, / and g have no common zeros, except possibly at valuations

of S.)

Lemma 3.1. Let K, S be defined as before. Then the set of constants of K is

Diophantine over Ok,s ■

Proof. If Ok,s contains only finitely many constants we are done. So assume

that Ok,s has infinitely many constants. Let |5| = n ; then 0K,s must have a

constant of an order bigger than zz + 1. (Otherwise all the constants of K are

contained in a finite field of the size pk > n + 1.) So let t be such a constant,

and consider the following system of equations:

(3.1.1) (j + t)xx = l,

(3.1.2) (j + t2)x2=l,

(3.1.n+l) (;' + tn+x)xn+x = 1.

We will show that this system of equations has solutions j, xx, ... , x„+x in

Ok, s if and only if j is a constant. So suppose this system is satisfied in Ok ,s ■

If j is not a constant then j + t' is also not a constant for i — 1, ... , n + 1

and, therefore, each of these elements, being a nonconstant unit of Ok,s, must

have a zero at a valuation of S. But S contains only zz valuations, so at least

two of the above mentioned elements, j + t' and j + tk , i ^ k, must share a

zero at some valuation p of s. Therefore, the

(3.2) ordptr"-^) >0.

On the other hand, t is a constant, and the only way (3.2) is going to hold is

for t'' - tk = 0. This equality cannot hold, however, since 0 < i, k < n+l and

order of t is, by assumption, bigger than n + 1 . Therefore, our supposition

that j was not a constant is false.
Conversely, if j is a constant different from -z" , 1 < i < n + 1, j + tk is

a nonzero constant for any integer 1 < k < n + 1, and therefore it is invertible

in Ok,s-

Lemma 3.2. Let s be a fixed element of Ok,s ■ Then the set

{feOK,s\(f,s) = l}

is Diophantine over Ok,s-

Proof. Let n af' De the non-5 part of the divisor of s. For every z, residue
class field of q¿ is a finite extension of the field of constants of degree d¡. If

u £ 0K,s and u ¥ 0 mod q¡, then u must satisfy mod q¡ a polynomial of

degree less or equal to d¡ with constant coefficients and a nonzero free term.

Moreover, if

aoi + in" + • ■ • + adtiudi = 0   (mod q¡),

then
(flo,- + aus + ■■■ + ad¡iudi)a' ̂  0   (mod qf).

So we can conclude that the following statements are equivalent.

1. n,(ao¡ + aXiu H-(- ad,iUd,)a> = 0 mod 5, ¿z,; are constants, ao¡ / 0.

2. (s, u) = 1.



HILBERT'S TENTH PROBLEM 285

By Lemma 3.1 the set of constants of K is Diophantine over Ok,s ■ It is

easy to see, that the set of nonzero constants of K is also Diophantine over
0K,s, and so the first statement can be rewritten in a completely Diophantine

fashion.

Lemma 3.3. Let y £ Ok,s be a nonconstant such that ordpy ^0 V/z G S, and

let F(T) and G(T) be polynomials in the variable T over some finite subfield
C of the constant field of K with F(0) ^ 0 or G(0) ^ 0. Furthermore, assume

that (F(y), G(y)) = 1. Then 3a>b£N such that (G(y))p"-pb =■ 1 mod F(y).

Proof. First of all, we will show that (F(T), G(T)) = 1 as polynomials over

C. Suppose not, that is suppose 3H(T) £ C[T] such that H(T) \ F(T) and
H(T) \G(T). Since either F(T) or G(T) is not divisible by T, H(T) is not
a power of T times a constant. Therefore, H(y) is not a unit of Ok,s, by

Lemma 2.4. On the other hand, H(y) will be a common divisor of G(y) and

F(y) and we have a contradiction with the fact that (F(y), G(y)) = 1.

Next, consider a finite ring C[T]/F(T) which contains a multiplicative group
of all the nonzero divisors of the ring. The equivalence class of G(T), [G(T)],

will not be a zero divisor in the ring, since as polynomials in T, F(T) and G(T)

are relatively prime, by the argument above. Hence, [G(T)] will belong to the

finite multiplicative group of the ring and, consequently, [G(T)]U - [1], where

u is the size of the group. Let u = pxux, where (ux, p) = 1. Then for some

z, pz s 1 mod ux . Therefore, u | px(pz - 1) and G(T)pX+2~pX 3 1 mod F(T)

in C[T], and consequently, G(y)pX+I-pX = 1 mod F(y) in 0K,s ■   Q.E.D.

Lemma 3.4. Assume S contains at least two valuations and let wx and w2
be such that they are not units of Ok, s and for j = 1,2, i = 1, ... , m,

ordPj Wj = -2h>pki, hj, k¡■ £ N, ordP/ w¡ = odd positive, for i ^ j, ordPl w2 >

| ordp wx |. Let s¡ — w¡ + 1, i = 1, 2, and let

(3.3)

(3.4)

z(m) '{' n > log« m > log
m\ordPlsx\

'"   ordp. w2

T(m , z) = wP (wP xm(sx) + 1),

}•

where, as before,

xm(sx) - (s2 - l)'/2ym(5,) = \sx - (s2 - 1)'/21    ,

and xm(sx), ym(sx) £ Ok,s-    Then,  sp , sP , for any e ,k > 0, and any

T(m, z) + 1 such that z £
tions."

z(m) for some m, satisfy the "pth-power condi-

Proof. Any pth power of sx and 52 will satisfy the "//th-power conditions" by

definition of these conditions. To show that T(m, z)+l satisfies the conditions

if z £ z(m), we have to determine what kind of zeros and poles xm(sx) has at
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the valuations contained in S. As has been shown before,

(3.5) =  Y (£!-Vi + Vm-2i(Mwi + 2)Y

—  Yi [->• )w™ + terms of lower order in wx

with coefficients in Zp.

Hence,

(3.6) ordPl xm(sx) = znordPl wx = -mlipk

and

(3.7) ordPixm(sx) = 0   for i = 2, ... , m.

Therefore, from (3.3) and (3.6) we obtain for z £ z(m)

(3.8) pz ordPl w2 > -m ordPl sx.

Denote T(z, m) by T. Then

(3 91 °rdpi ^ = 'pZ °rd/'1 W2 + min^Z ord/>i ̂ 2 + m ordP< 5> ' °)

= pz ordp, uj2,

and so

(3.10) ordPl T = 2k + 1,        fceN.

On the other hand,

n     ordp2 r = pZ ordp2 "^ + min^z ord^ Wl + 0Tdpi Xm(s^' °)

= /zz ordP2 u/2 + Pz ordP2 u/2,

and

(3.12) ordP2 T = 2pz ordP2 w2 = -2h*+lpk*+z .

At the same time,

r3 ni     oráp'T=zpZ ordP'^ + mm(pz OTdPi w2+ 0TdPi x<*(si ) ' °)

= pz ordp, w2 = 2j + \,        j £ N,  z = 3,...,« .

Since T is integral at all the other valuations of K, r + 1 = T(w, z) + 1

satisfies the "//th-power conditions."

Lemma 3.5. Let 5i = u/i + 1, s2 = w2 + 1, X = xm(sx ) be defined as before, let

U £ 0K,s be given, and let zx £ z(l) and Tx = T(\, zx) be fixed. Then the

following system of equations and conditions (3.14)—(3.27) cazz be satisfied in all
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the other variables in Ok, s if and only if U = Xp>, for some i £ N.

(3.14) PPE(g,s2,gx,g2),

(3.15) PPE(w, sx,ux, u2),

(3.16) PPE(Asr1 + l,Ai,A2),

h- 1

(3.17) Y = J^\'
(3.18) (Y,w2)=\,

Y - 1
(3.19) f=J^[>

f - 1
(3.20) R = J--

u-\

(3.21) Xw = R-l,

(3.22) T-(g-l)((g-l)X+l)

(3.23) PPE(G,T+l,Gx,G2),

(3.24) ?PE(H,g,Hx,H2),

(3.25) Z = H~^\'
(3.26) (Z,u/2)=1,

(3.27) U=H^\-
Proof. Assume initially that (3.14)—(3.27) are satisfied in 0K,s ■ Then we have

the following implications:

(3.14.*) PPE(g, 52, gi, g2) =*(g = 4 = w? + !) i

(3.15.*) PPE(w,5i, ux, u2) => (u = sp> = tt/f' + 1);

since by Lemma 3.4, 5i and 52 satisfy the "//th-power conditions." Similarly,
we obtain

PPE(A, Ti + 1, hi, h2) =► (h = [wf (wf sx + l)f + 1),

since by definition, T( 1 ) = wP ' (wP ' xx (sx ) + 1 ), xx (sx ) = sx, and by Lemma
3.4, any T(m, z) + 1, with z e z(m) for some natural zzz, satisfies //-power

conditions. Given expressions for h and g we have a new expression for Y,

which, in turn, implies an inequality for exponents, that follows from the facts

that Y £ Ok,s, w2 is not a unit of Ok,s > and (w2, wpHsx + 1) = 1 :

h - 1       ,^r       nzi+r-k,

The primality condition in (3.18) establishes the inequality for exponents in
the other direction and implies that the equality must hold. The equality allows

us to rewrite the expression for Y :

(3.18.*) (Y,w2) = l^(Y = wfZis{ + 1, r = k-zx).

Given the new expression for Y and the already established expression for

g we can obtain a new expression for / from (3.19):

(3.19.*) /=ZjLJ^(/ = sf).

(3.17.*) Y = "—\ =*► (Y = wf +r~\wpZ> sx + 1/ , z, + r - k > 0).
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Given, the expressions for / and u, we can obtain a new expression for R

which also implies an inequality on the exponents:

,3.20..) R.L=l+(R.£=*-l.,Sr).u-\     y     s\ -1    w\ )

We can interpret (3.21) as a divisibility condition in Ok,s ■ That divisibility

condition will imply that xm(sx) = xm(wx + 1), a polynomial in wx of degree

m over Zp , divides wp ~p - 1, a polynomial of degree p" -p1 in wx over the

Zp . Therefore, by Lemma 2.4 and Lemma 2.5, m < pr - px <pr<pk that is,

(3.21.*) Xw = R-l^(X\ w(-p' - 1, m<pr <pk).

Using, again, the already obtained expression for g, we can derive a new

expression for T and ascertain that T = T(m, k) with zc e z(m).

T = (g - \)((g - \)X + 1)

(3.22.*) =>(T = w£ (wpk xm(sx) + I)

with k > logp m=> T = T(m, k), k £ z(m)).

If T = T(m, k), with k £ z(m) then T+l satisfies the "//th-power conditions"

and, therefore, we obtain the following from (3.23):

PPE(G,T+l,Gx,G2)

^{G = (T+l)p' = (g-\f(((g-l)X+l)p' + l).

From (3.24) we obtain an expression for H in terms of g, using the fact that

g satisfies the "//th-power conditions" by Lemma 3.4.

(3.24.*) PPE(//, g,Hx,H2)^(H = gp>).

Next from (3.25) we will obtain a new expression for Z together with the

inequality on the exponents.

(3.25.*) Z = ^-j =* (Z = (g - \)p'-pl((g - \)X + \f ,  i > j).

As in the case of implication (3.18.*), the primality condition (3.26) gives us

an inequality on exponents in the opposite direction, and, ultimately, assures

that exponents i and j are equal. That fact, in turn, gives us a simplified

expression for Z .

(3.26.*) (Z, w2) = 1 => (Z = ((g -l)X+l)p',i = j).

Ultimately, given the derived expressions for Z and H, we obtain the required

expression for U.

(3.27.*) U^^~^(U = X"').

Conversely, suppose U = Xp' = xm(sx)p' is given and zx £ z(l) and

Tx = T(l, zx) are fixed. We will show how equations and conditions (3.14)—

(3.27) can be satisfied in 0K,s- First of all, we will note that (X, wx) = 1
and therefore, by Lemma 3.3, there exist natural numbers 1 < r such that

X | w(-p' - 1. Set R = w(-p', w = (R- \)/X. Then w £ 0K,s and (3.21)
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is satisfied. To satisfy (3.20) set f = s(, u = sp'. Next set k = r + zx,

g = spk, gx= ypk(2s2 - 1), g2 = ypk(s2) to satisfy (3.14). Set

r = <\f + i,      /=^j

and (3.18) and (3.19) are satisfied.

Set h = (Tp' + l), hx=ypr(2Tx + l), h2 = yp,(Tx + 1), and (3.16) and (3.17)
are satisfied. Let ux = yp¡(2sx - 1), u2 = yp¡(sx) which would satisfy (3.15).

Next set T = wf(w^xm(sx) + 1) and (3.22) is satisfied. If G = (T + \)p' =
xpi(T + 1), Gx = ypi(2T+ 1), G2 = y„i(T + l)pi(T) and (3.23) is satisfied.

Similarly, let H = gp' = xpi(g), Hx = ypi(2g - 1), H2 = ypi(g) to satisfy

(3.24). Now set Z = ((g - l)X + l)p' = (w(X + l)p', and (3.25), (3.26) are
now satisfied. Finally (3.27) is now satisfied also.   Q.E.D.

Definition 3.1. Let 11 = \[pf be a divisor of K and let / £ K. We will
say that / = 0 mod it if ordp, f > a¡ for i = I, ... , m and for every other

valuation q of K, q ^p¡, ord? / > 0.

Lemma 3.6. ' Let V = {qx, ... , qk} be any finite set of valuations of K and

let {a2, ... , ak} be a (k- \)-tuple of positive integers. Then if the size e of the

field of constants of K is greater than k, 3w £ K such that ord9/ w = a, for

i = 2, ... , k, ordg, w = -2a for some positive integer a, and ord9 w > 0 for

all q i V.

Proof. Let H be a divisor of K, such that deg(il" x)> 2g -2, where g is the

genus of K . Then by a corollary to the Riemann-Roch theorem,

(3.28) /(il) = deg(U-1)-g+l,

where /(it) is the dimension of X(U), the vector space of functions which are

0 mod H, over the field of constants.

Consider now the divisors

(3.29) üXl = q-2m'q?,

(3.30) U2, = îr2^îf+IJ

(3.31) Uuj = qx-2m'q?'qj,

(3.32) u3/ = ír2"*+y.

where i, j - 2, ... , k, so that q¡, q¡ range over all the elements of V not

equal to qx and i ^ j. Note that 3C(U2i), X(iXx,j), X(ii^) are all subspaces of

X(U.Xi). Select m so large that Vzrz, > m ,

(3.33) deg(U-')>2^-l,

(3.34) deg(il-.')>2£-l,

for h = 1, 2, 3, i, j = 2, ... , k , i ^ j . Now define m2, ... ,mk as follows:

m2 = m$ = m , mi+x = m¡ + 1, z = 4, ... , k .

1 The proof of this lemma was suggested to me by Michael Fried of the University of California

at Irvine.
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Let di = deg(<7,). Then under our assumptions on m and by the above-stated

corollary to the Riemann-Roch theorem, we now have

(3.35) l(iiXi) = 2m'dx-aldi-g+l,

(3.36) l(iX2i) = 2m'di-(ai + l)di-g+l,

(3.37) l(iXUj) = 2m> dx - a¡ d,■■ - d}■- g + 1,

(3.38) /(U3/) = (2m< -l)dx-aidi-g+l.

Our assumptions on m also guarantee that all of these vector spaces have di-

mensions > 1. Moreover, X(il2¡), X(ÍX-u), and 3t(Ui ,-_,■) are all subspaces of

X(ilXi) of lower dimension. We have to consider separately the case of the infi-

nite constant field and the case of the finite constant field. If the constant field

is finite, it is, by assumption, of the size k < e < oo . Then

(3.39) \X(ilii)\=e2m,dl-aid¡-g+l,

(3.40) |£(U2l-)| = e2"' *-(*+»)*-»+>,

(3.41) |3£(Uiy)| = e2mid1-aidi-dj-g+\ >

(3.42) |3E(U3/)| = e(2m'-x)d'-a'd--g+x.

\Xi\ = |((X(U„)\3£(ll2i))\3E(U3/))\U^i«)l

> e2m-dx-a¡d¡-g+l _e2m:dx-{ai+\)dl-g+\

k
_^e2m'dx-a,di-dj-g+l _ e(2m--l)dx-aidi-g+l

(3.43)
7=2

= e2-idi-aid¡-g+\ (l -Ye-A

^el-idi-a'di-g+l | ! -Ye~l ) >0.

Since the difference in the sizes of spaces is an integer, we can conclude it is at

least 1. So

(3.44) Xi = ((3E(ilu)\3£(Ü2/))\3E(Íl3í))\ U X^w) ¿ 0 •

If the field of constants is infinite, (3.44) follows from the fact that we are taking

out finitely many lower-dimensional subspaces.

Let Vj £ X¡, then w has poles only at px and ordPl v¡ > -2m¡, v¡ has a

zero of order at least a¡ at //,, and v¡ is integral at all the valuations not in

V. On the other hand, v¡ is not in X(íi2¡), which means that ordP/ v¡ — a¡.

Also, since v¡ is not in X(U.Xij) for any j / i, ordPj.v¡ = 0 for all such j's.
Moreover, since v¡ is not in Ít(íl3,-), ordPl v¡ = -2mi. Now let w = v2 ■ ■ ■ vk .

Then ordPi. w — a¡ for i — 2, ... , k , ord9 wx > 0 for q £ V, and

ordPl t(j = 2m + 2m + 2m+I + • • • + 2m+fc-2

= 2W + 2W(2¿-' - 1) = 2m+k~x.
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Therefore, w will satisfy all the requirements.

Lemma 3.7. Assume the field of constants of K is of size e > n + 1. Then Ok, s

contains wx and w2 such that sx = wx + 1 and s2 = w2 + 1 satisfy "pth-power

conditions" with respect to px and p2 respectively, w2sx has a positive order at

px, and wx and w2 are not units of Ok,s ■

Proof. Let q $ S and define T = Sll{q}. In the future, we will refer to q as

pn+x . Apply the previous lemma to V = T and a¡• = 1 for i = 2, ... , n+ I.

The resulting element is going to be wx . Next apply Lemma 3.6 to V = T

again, except let p2 play the role of qx and let px play the role of q2 . Also let

a2 = - ordPl wx + 1, a,• = 1, for i = 3, ... , zz + 1.

Lemma 3.8. Let K and S be defined as before and let the constant field of K be

of size e <n+\ — \S\ + \. Then there exists a separable extension of K, L with
a set of valuations V containing all the valuations of L extending valuations in

S, with the property that the size of the field of constants of L is greater than

\V\ + \.
Proof. Consider an extension of the constant field of K of degree m . As an

extension of a finite field it will be separable. Our new constant field will be

of size em. On the other hand, every valuation of S could have split into

at most m new valuations. So in the extended field we can have at most mn

valuations extending valuations of S. Hence, let zrz be any positive integer such

that em > mn + 1, let a be algebraic over the field of constants of K of degree

at least m , and let L = K(a) ; then such an L will satisfy the requirements of

the lemma.

Lemma 3.9. Let L-K be a finite separable extension of algebraic function fields.

Let S be a finite set of valuations of K, and V the set of all the valuations of

L extending valuations of S.   Let {tox, ... , tom} be a basis of L over K

with to¡ £ Ol,v ■   Then 3c £ Ok,s, such that Vx £ Ol,v , ex = ]£<=Lifli0,¿»

a¿ £ 0K,s-

Proof. By Lemma 1 [3, p. 54] the statement of Lemma 3.10 is true for the case
of S containing just one valuation. Now let x £ Ol,v and assume x has poles

at valuations of V other than the ones extending px. By Lemma 3.6 one can

find an element w £ L with a pole only at a valuation extending px and with

zeros of any prescribed order at all the valuations of V not extending px . In

particular, we can assume that the order of those zeros is greater then the order

of the poles of x at valuations of V not extending px .

Consider now NLjK(w)x. This element will have poles only at the valuations

extending px . Therefore, we can apply the above mentioned lemma of [3], to

conclude that 3C £ 0K,s such that CNL/K(w)x = Y!¡=\ aiO)i, with a¡ £ 0K,s ■
Since, w belonged to the integral closure of Ok,s in L, NLjK(w) £0K,s and,

therefore, we can let c = CNL/k(w) to complete the proof of the lemma.

Theorem 3.1. Let K be any algebraic function field of one variable over a field of

constants of characteristic p > 2, S a finite set of its valuations. Then Hubert's
Tenth Problem has no solution in Ok,s •

Proof. If S contains just one valuation assume sx is any nonconstant element

of Ok,s, and in the case of more than one valuation in S assume initially

that the field of constants of K contains at least zz + 2 distinct elements where
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« is the number of valuations in S. In that case let px, ... ,pn be all of the

valuations of S and let pn+x as before, be a valuation not in S. Then by

Lemma 3.7, Ok,s contains elements wx and w2 such that ordP/ wj = 1, for

i ^ j, i = 1, ... , n + 1, j = 1, 2ordPy Wj = -2a>, and ordPl wxw2 > 0. Let

5i = wx + 1 and consider the following divisibility condition over the rational

integers.

k k

(3.45) Ya'mi\^2bimi-
;=1 i=l

We claim that (3.45) has solutions mx, ... ,mk in Z if and only if

(3.46) X}-(s\-\)Y¡ = \,        ¿=l,...,fc,
k

(3.47) U-(s2- l)x'2V = Yl(Xi - (s2 - l)xl2Y)f ,
(=i
k

(3.48) G - (s2 - l)x'2T = Y[(Xi - (s2 - Xf^Yit,
i=\

(3.49) T=Vw,

(3.50) Xi*lmod(wi)

have solutions in Ok,s ■ Indeed, by Lemmas 2.3, 2.8, and 2.10, this system of

equations (3.46)-(3.50) has solutions in Ok,s if and only if 3mx, ... , mk £ Z

such that Xi = xm¡(sx), Y¡ = ym,(sx), V = y^a.m.(si), T = y-£b¡m¡(si), and

y'yaimi I ̂ Vft/m, m Ok,s ■ By Lemma 2.6, the last conditions hold if and only

if (3.45) holds. '
On the other hand, consider

k p    k

(3.51) Ya¡mi     Yb¡mi-
1=1 ;=1

We claim that (3.51) has solutions (mx, ... , mk) in Z if and only if the

following system of equations has solutions in Ok,s-

(3.52) X2 - (s2 - l)Y2 = I,        i=\,...,k,

(3.53) U - (52 - \)X<2V = Y[(Xi - (s2 - i)x'2Y)f ,
i=i

(3.54) G - (s2 - \)X'2T = "[[(Xi - (s2 - l)l'2Y)bJ ,

7=1

(3.55) 3j £ N G = Up',

(3.56) Xi^\mod(wx).

Indeed, by the above-mentioned Lemmas 2.3, 2.8, and 2.10, this system of

equations (3.52)-(3.57) has solutions in 0K,s if and only if 3mx, ... , mk £

Z  such that  X¡ = xm,(sx),   U = x^a.m.,   G = x^é.m., and  X)*/"1/  =

±PJ y2a¡m¡, that is (3.51) has solutions in Z.
On the other hand, we know that by Lemmas 2.12 and 3.5 respectively, we

can substitute equations (2.26) and (2.27) for (3.55) in case S has just one



HILBERT'S TENTH PROBLEM 293

valuation and we can substitute equations (3.14)—(3.27) for (3.55) if we have

more than one valuation in S. So (3.51) has solutions in Z if and only if a

certain finite system of polynomial equations has solutions in K. Hence, we

have constructed a model of (Z, \p, |, +) which is Diophantine over Ok,s-

Therefore, by Theorem 1.1, Hubert's Tenth Problem has no solution in that
ring.

Now we will treat the case of K whose field of constants has fewer than zz + 2

elements. By Lemma 3.8 there exists a finite separable extension E of K such

that the size of constant field of E is greater than 1 + \V\, where V is the

set of all the valuations lying above S in E. Therefore, we can apply the first

part of the theorem to E to produce a polynomial equation F(zx, ... , zr) = 0

over Oe,v which will have solutions in Oe,v if and only if (3.45) ((3.50)) have

solutions in Z. Let {tox, ... , tom} be a basis of E over K with <y, £ Oe,v

and c as in Lemma 3.9. Also let F(zx, ... , zr) = Yiaiy..irz'ii ■■■ zjr. Consider

now the following equivalence chain:

(3.55) 3{z¡}£OE,vF(zx,...,zr) = 0

t

(3.56) 3{z,} e 0E,vYah-iA---4' = 0

t
lbj,e£0K,s,       j=\,...,m, e=\,...,r,

(3.57) Y, bj,e<*>j — 0 mod c,        e=\,...,r,

(3.58)     E(Eo1,..^)(E^7i)!''"(E^),r = o

t
3bj,e,        j = 1, ... , m, e = 1, ... , r,

(3.59) YbJ<e(0J-Omodc,        é>=l,...,r,

(3.60.1)       gi(bn,...,bmr) = 0,

(3.60.m)      gm(bxx, ... ,bmr) = 0,

where g/, are polynomial over K with coefficients of the form a/c(deg(f)+1),

a £ Ok,s • The last equivalence follows from the fact that any product of gz's

can again be rewritten as linear combination of to's with coefficients of the

form a/c, a £ Ok,s , so altogether we will need at most deg(F) + 1 power of

c in the denominator. Therefore, (3.55) having solution in Oe,v is now equiv-

alent to the system (3.59)-(3.60.m) having solutions in Ok,s ■ By multiplying

through by the appropriate power of c we can clear the denominators of all the

coefficients and make sure they are in Ok,s ■

The only remaining detail is rewriting (3.59) without references to to's which

are not elements of K. This can be done in the following way. Since the field of

constants of K is finite, elements of Ok,s are divided into finitely many residue

classes mod c. Now let (pxx, ... , pmr) be a mr-tuple of representatives of

the residue classes mod c. Out of all such mr-tuples consider those with the

property that if bxx = pxx, ... , bmr = pmr then the equivalences (3.59) are

satisfied.   Let {(pxl , ... , Pmr)},  z = 1,...,?, be the list of all such mr-
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tuples. Hence, (3.59) can be replaced by {bjh = //j.' mod c, j = I, ... , m,

e = I, ... ,r} or ... or {bjh = p(fh], ;' = 1, ... , m, e = I, ... ,r}. This

completes the proof of the theorem.

4. The case of characteristic equal to 2

To treat the case of characteristic equal to 2 we have to use a quadratic

equation different from the Pell equation. We will make use of the equation

introduced by Denef in [2].

Lemma 4.1. Let K be an algebraic function field of characteristic 2 and let S,

as before, be a finite set of valuations of K. Let a(a) be the root of the following

equation in the algebraic closure of K.

(4.1) /2 + a/+l=0,

where a £ Ok,s and a is not a constant. Assume a(a), a(a(a+ 1)) ^ K, and

define (xm(a), ym(a)) to be elements of 0K,s such that

xm(a) - a(a)ym(a) = (a(a))m = (a + a(a))~m .

Then the following statements hold.

(xm(a), ym(a)), m G Z, are solutions to the equation

(4.2) f2 + afg + g2 = 1.

Moreover, xm , ym , x„ , yn , xm+n , ym+n have the following properties:

(4.3) xm+n(a) = xm(a)xn(a) - ym(a)yn(a).

(4.4) ym+n(a) = xm(a)yn(a) + ym(a)xn(a) - aym(a)y„(a).

xm(a),ym(a) are polynomials in a over %2.

(4.5) deg(xm(fl)) = (|/M|-2)   if\m\>2,

(4.6) deg(ym(iz)) = (M-l)    if\m\>2

as polynomials in a.

(4.7) x-m(a) = xm(a) + aym(a).

(4.8) y-m(a) =ym(a).

(4.9) n\m^yn(a)\ym(a).

(4.10) ym2„(a) = (ar/a)(ym(a)f.

(4.11) y2n(a) = a2" / a,    ifn>0.

(4.12) (a + \)ym(a(a + 1)) = a(ym(a))2 + ym(a)

<-> m = ±2"   for some n £ N.

Proof. The assertion that (xm(a), ym(a)) are solutions to (4.2) can be verified

directly, and properties (4.3), (4.4) are proved in a way similar to the proof of

the analogous properties of the Pell equation solutions in the case of character-

istic p ^ 2.
(4.5) and (4.6) are proved by induction as follows. xx - 0, yx = I, x2 — x\-

y\ = -1, y2 = 2xiyi -ay2 = —a establishes the starting point of the induction.
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deg(xm+x) = deg(-yOTyi) = (m - 1) deg(a). deg(ym+i) = deg(xmyi - ayxym) =

m deg(fl) completes this induction.

(4.7) and (4.8) can be shown directly by multiplication. We can derive (4.9)

in the same way as for the Pell equation in the case of characteristic p > 2.

Next we establish (4.10) and (4.11) by induction. We have

(xm2n(a) - a(a)ym2n(a)) = (xm2n-i(a) - a(a)ym2n-x(a))2

= x2m2„-x(a) + a(a)2y2m2„.x(a)

= x2m2„-x(a) + (-1 - aa(a))y2m2„-x(a),

and hence, ym2-(a) = ay2m2„_x(a) = a(a2"~'/a)2(ym(a))2" = (a2"/a)(ym(a))2".

Since yx (a) = 1, the case for zrz = 1 follows.

Next we will prove (4.12). Since y_m = ym , without loss of generality we

can assume that m > 0. Suppose m = q2" , where (q, 2) - 1. Then

ym(a(a+l))=yq2„(a(a+l))

= ((a(a+l)f/a(a+l))(yq(a(a+l)))2n,

and

(4.14) (a + \)ym(a(a + 1)) = (a2" (a + \f/a)(yq(a(a + l))2".

On the other hand,

ay2m(a) + ym(a) = a(a2"/a)2(yq(a))r+l + (a2"/a)yq(a)2"

= (a2^/a)(yq(a)r'+(a2n/a)yq(af,

and consequently,

(4.16) a2"(a+ l)2"(yq(a(a+ I)))2" = a2"+,(y9(fl)r' + a2" (yq(af ).

Raising both sides of the equality to the power 1/2" , we get

(4.17) a(a + \)yq(a(a + 1)) = a2yq(a)2 + ayq(a).

Canceling a from both sides, we obtain

(4.18) (a + \)yq(a(a + 1)) = ayq(a)2 +yq(a).

By (4.6), yq(a) and yq(a(a+ 1)) are polynomials of degree q - 1 over Z2 in

a and a(a + 1) respectively. Therefore,

yq(a) = Aq^xa"-X + Aq^2a"-2 + ■■■ ,

yq(a(a + I)) = Aq_xa<¡-X(a + l)«"1 + Aq_2a"-2(a + l)*"2 + • • •

and (4.18) can be rewritten as

Aq_xa"-X(a +\)« + Aq-2a«-2(a + 1)«~ ' + • • •

= Aq_xa2<1-X + A^a2«-* + ■■■ + Aq-Xa*-] +■■■.

In order for (4.19) to hold, by Lemma 2.9, the coefficients corresponding to

every power of a must be equal on both sides. Let us compare the coefficients

corresponding to a2*-2. The coefficient from the left-hand side is Aq_xq and

the coefficient from the right-hand side is

Í 0 if2q-2>q-l,

\ Aq_x    if2q-2 = q-l,
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i.e. that coefficient is
i 0     if q > 1,

Mo   if a = 1 •
Since q is odd and Aq-X is not 0 by (4.6), we must conclude that q is 1 and
m = 2n.

We still have to verify that (4.12) holds for m = 2" . By (4.11) we have

i a *.™ ,      in     , ,      inn    /      ,,a2n(a+l)2"     a2"(a+l)2"
(4.20) (a + l)y2n(a(a + 1)) = (a + 1)   fl(fl+1)    = —   fl ,

(4.21) ay2n(a)2+y2n(a)=a^I- + ^-.

It is easy to see that the right sides of (4.21) and (4.22) are indeed equal.

Lemma 4.2. Let a be such that ordp a ^ 0 for all p £ S. Then

ym(a) \yH(a)=>m | n.

Proof. The proof of this lemma is similar to the proof of the analogous result

for the Pell equation solutions in the case p > 2.

Next we determine a set a conditions under which, as in the case of Pell

equation, (xm(a), ym(a)) are the only solutions to (4.2).

Lemma 4.3. If S contains just one valuation then for any nonconstant a, (xm(a),

ym(a)) are the only solutions to (4.2).

If S has more than one valuation let px, ... ,p„ be all the valuations in S,

p„+x a valuation of K not in S, and assume ordPl a - -2k , ordP/ a is odd and

positive, i = 2, ... , n+ I, ord? a > 0 for any q $ Su {p„+x} . Then, again,
(xm(a), ym(a)) are the only solutions to (4.2).

Proof. In the case where S contains just one valuation, the proof of the lemma

is similar to the proof of the analogous lemma concerning the Pell equation

in the fields of characteristic greater than 2. So assume S has more than one

valuation, let p be any valuation of K, and let ß lie above p in K(a). We

will show that ord^j a = 0, unless p = px . Suppose ord^ a > 0. Then from

(4.1), ordyj aa = 0 and, therefore, ord^ a < 0. Since a has a pole at only one

valuation px, ß must be above px . On the other hand, suppose ord^ a < 0,

then (4.1) implies that 2ord;gQ = ordy?a + ord^a. That is, ord^ß < 0 and
ß must lie above px again. This argument also shows that px splits into two

distinct valuations ßxx and ßx2 in K(a), ord^n a = -ordyj12 a = ordPl a, with

ßx i being a pole of a.
Next we will show that p2, ... ,pn will totally ramify in K(a). Indeed, from

(4.1), (a + l)2 = aa. Therefore, if /?, lies above //,, we have 2ordÄ(a + 1) =

ord^ a = k ordPl a, where k is the highest power of /?, dividing //,. The above

equality implies zc is even, and hence, must be 2.

Now let (x, y) be solutions to (4.1). Then x + ay is a unit of norm 1, and

therefore, as in the case of the Pell equation, all of its poles and zeros must

come from ßxx and ßx2, and, moreover, ord^n(x - ay) = - ord^12(x - ay).

Therefore, by mapping all such units to their orders at ßxx we can establish

an isomorphism between the group of solutions to (4.2) and a subgroup of

rational integers under addition which will enable us to conclude that the group

of solutions to (4.2) is cyclic.
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Lastly, we show that a is the generator of the solution group. As we have

established before, | ord^H a| = | ordPl a\ = 2k . Therefore, if a is not a gener-

ator, (x - ay)2 = a, for some x, y £ 0K,s solutions to (4.2). Then, however,

x2 - a2y2 — x2 + (aa + l)y2 = x2 + y2 + aay2 = a and x2 = y2 = a~x . This

is impossible, because a has a zero at at least one valuation not in S, and

therefore is not invertible in Ok,s ■

As in the case of characteristic greater than 2, if S contains just one valuation

we can relax conditions on a and still show that (xm(a), ym(a)) are the only

solutions to (4.2).

Lemma 4.4. Assume S contains only one valuation p and a is any nonconstant

element of Ok,s ', then (xm(a), ym(a)), m £ Z, are the only solutions to (4.2).

Proof. First of all we show that a £ K. If it did, a would be a nonconstant

unit of Ok,s > which has only constant units. Now let e = x+ya, x, y £ Ok,s ,

be a solution to (4.2). Then e must be a unit of the integral closure of Ok,s

in K(a) and, therefore, must be a unit at any valuation not lying above p.

On the other hand, NK(a)/K(e) = 1, so p must split into ßx and ß2 with

ordyj, e = ordp-2 e . As in the previous lemma, we will use the map e —> ord^, e

to establish the fact that the group of solutions to (4.2) is cyclic. Next we want to

establish that a is the generator. Suppose (x + ay)n = a, with x, y £ 0K,s ■

Then it is easy to see from the formula equivalent to (4.9) that y | 1, and

therefore y is a constant. From (4.2), we then get that either x is a nonzero

constant or y = 1 and x = 0. If we assume the first alternative then a is

a constant also, which would contradict our assumptions on a. Therefore,

y — v, x = 0, zz=l, i.e., a generates all the solutions.

Lemma 4.5. If S contains just one valuation then let a be any nonconstant

element. If S contains n > 1 valuations px, ... , pn, let pn+x be a valuation

not in S and let a be as described in Lemma 4.2. Then the following equivalence

holds.

(4.23) X2 + aXY + Y2=l, )

(4.24) U2 + a(a+ \)UT+T2= 1 \ «* (4.26)   3k £ N, aY = a2".
(4.25) (a+ l)T = aY2 + Y. J

Proof. We will assume initially that (4.23)-(4.25) hold, and we will show that
(4.26) is true. If S contains only one valuation, (X, Y) = (xm(a), ym(a)),

(U, T) = (xr(a(a + l)),yr(a(a + 1)) by Lemma 4.3 with m, r £ Z. If S
contains n > 1 valuations then, by Lemma 4.2, Y = ym(a) for some m £ N.

Moreover, ordPl a(a + 1) = ordPl a + ordPl(a + 1) = 2ordPl(a) = -2k+x , and

ordp, a(a + 1) = ordPí a + ordp¡(a + 1) = ordp, a is odd and positive for i =

2, ... , n + l. So a(a + 1) satisfies the requirements of Lemma 4.2 and we can

conclude that T = yj(a(a + 1)). If m = ±1 or j = ±1, then Y = T = 1
and k = 0 will satisfy (4.26). If, on the other hand, \m\ > 2 and \j\ > 2,
we know by Lemma 4.1 that ym(a) should be a polynomial of degree \m\ - 2

in a over the field of constants, and y¡(a(a + 1)) should be a polynomial of

degree 2\j\ - 4 in a over the field of constants, and so the only way for (4.25)

to hold is for |v'| = \m\. Therefore, we can apply Lemma 4.2 to conclude that

m - ±2k for some natural zc .
Conversely, suppose (4.26) holds, then by Lemma 4.1, (4.23)-(4.25) can be

satisfied by X = xm(a), Y = ym(a), U = xm(a(a+1)), and T = ym(a(a+ 1)).
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We have succeeded in making condition (4.26) Diophantine for a certain

class of a's. From this point on we can proceed as in the case of characteristic

greater than 2 to prove the following theorem.

Theorem 4.1. Let K be an algebraic function field in one variable of character-

istic 2, S a finite set of its valuations. Then Hubert's Tenth Problem has no

solution in 0K,s-

5. Hilbert's Tenth problem in some extensions of infinite degree

First of all, we want to describe the infinite extensions we will consider. Let

K be a field of algebraic functions of infinite degree and positive characteristic

and let F be any finite degree subfield of K whose set of valuations contains

a valuation p with the following property. Every finite degree subfield of K

containing F will have only one valuation above p . Given such a finite degree

field M containing F , define a set of valuations S(M) = {p(M)} , where p(M)

is the unique valuation of M lying above p . Under these conditions we will

let Ok,p — U 0M,s(My > where the union is taken over all finite degree fields M

containing F . For the above-described field K, we have the following theorem.

Theorem 5.1. Hilbert's Tenth Problem has no solution in Ok,p ■

Proof. To begin with, we will consider the Pell equation for the characteristic

greater than 2 and equation (4.2) for characteristic 2, over Om,s(M)' where we

assume that a £ F. We can note that since S contains only one valuation,

solutions to the Pell equation or equation (4.2) will be generated by a-(a2-1)1/2

and q , respectively, by Lemmas 2.10 and 4.3. Consider now the Pell equation

and equation (4.2) over Ok,p . Let (x, y) be a pair of solutions. Let M =

F(x, y). Then, by the argument above, x-(a2- l)x/2y = (a-(a2- l)1/2)" , for

characteristic greater than 2, and x + ay — a" for characteristic 2, and some

integer n . Therefore, we can assert that a - (a2 - 1)1/2 and a will generate

the solutions for the Pell equation and equation (4.2), respectively, over Ok,p ■

From this point on, one can proceed as in the cases of extensions of finite degree

when S contained just one valuation.
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